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Matter effects and CP violating neutrino oscillations with nondecoupling heavy neutrinos

B. Bekman, J. Gluza, J. Holeczek, J. Syska, and M. Zrałek
Institute of Physics, University of Silesia, Uniwersytecka 4, PL-40-007 Katowice, Poland
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The evolution equation for active and sterile neutrinos propagating in a general anisotropic or polarized
background environment is found and solved for a special case when heavy neutrinos do not decouple,
resulting in nonunitary mixing among light neutrino states. Then newCP violating neutrino oscillation effects
appear. In contrast with the standard unitary neutrino oscillations these effects can be visible even for two
flavor neutrino transitions and even if one of the elements of the neutrino mixing matrix is equal to zero. They
do not necessarily vanish withdm2→0 and they are different for various pairs of flavor neutrino transitions
(ne→nm), (nm→nt), (nt→ne). Neutrino oscillations in vacuum and Earth’s matter are calculated for some
fixed baseline experiments and a comparison between unitary and nonunitary oscillations are presented. It is
shown, taking into account the present experimental constraints, that heavy neutrino states can affectCP and
T asymmetries. This is especially true in the case ofnm→nt oscillations.

DOI: 10.1103/PhysRevD.66.093004 PACS number~s!: 14.60.Pq, 26.65.1t, 95.85.Ry
ta
th
a

ed
ie

-
th
u
ib

c

n
ta
av

e

he

as
se
igh
r-
t-

l
in
tr
ss

ries
es

o
re

ns
h

n-

s

y

ry

s-
cts

he
d.

ary
e

ix-
I. INTRODUCTION

In the past few years the common effort of experimen
ists and theoreticians has yielded new informations on
neutrino sector. Nowadays we can say that the mass
mixing of the three light neutrinos are quite well establish
The unknown issue is the total number of neutrino spec
@1#. Moreover, additional neutrinos can be both light~with
masses of the order of electronovolts! or heavy~with masses
greater than theZ boson mass! @2#. In both cases their cou
plings to ordinary matter must be much smaller than
couplings of the three known neutrinos. Additional light ne
trinos are called sterile. Such neutrinos are still permiss
from the point of view of primordial nucleosynthesis@5# and
seem to be necessary if Liquid Scintillation Neutrino Dete
tor ~LSND! results@3# are confirmed by MiniBOONE@4#. As
far as heavy neutrinos are concerned, their number is
established. For cosmological reasons they must be uns
@6# or they do not exist at all except perhaps inside of he
compact objects with the most exotic physics@7#.

Let Un be the full neutrino mixing matrix and let th
submatrix U @of dimensions (31ns)3(31ns)] constitute
the mixing matrix of light known neutrino states and let t
submatrixV @of dimensions (31ns)3nR] be responsible for
the mixing of the light neutrinos withnR additional heavy
states. Then

Un5S U V
V8 U8

D . ~1!

Many new physics models predict heavy neutrinos. In c
they are very heavy objects at the unification scale, the
saw mechanism explains why the known neutrinos are l
and the matrixU, which enters the neutrino oscillation fo
mula, is practically unitary~light-heavy neutrino represen
ing mixing by theV submatrix is negligible!. Without the
seesaw mechanism the submatrixV could have substantia
elements. This situation might be realized with TeV neutr
masses. However, even then the construction of the ma
Un is not trivial @8#, unless all elements of the neutrino ma
0556-2821/2002/66~9!/093004~12!/$20.00 66 0930
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matrix are of the same order of magnitude and symmet
disconnect light-heavy mixing from the ratio of their mass
@9#.

Nowadays, experimental data constrain elements ofV by
terms of the form@9#;

cab[~VV †!ab5 (
i 5heavy

Va iVb i* , ~2!

so the submatrixU, which decides about the light neutrin
oscillation effects, is not unitary, and nonunitarity effects a
conjugate withcab :

~UU †!ab5dab2cab . ~3!

This means that various channels of neutrino oscillatio
will depend on thecab nonunitarity parameters. Some suc
studies have already been done@9,10#. Here we would like to
concentrate on the influence of the nonunitary matrixU on
CP-violating neutrino oscillations. In the previous paper@11#
we have found thatCP violating oscillations in vacuum can
be affected bycab parameters. We know that, for conve
tional unitary neutrino oscillations, theCP violation can oc-
cur for three~or larger! number of mixed neutrinos, and i
small ~vanishes! if any single element of theU matrix is
small ~vanishes!. The CP violating effects are governed b
one ~three! Jarlskog invariant~s! @12# for three~four! neutri-
nos. Finally, they vanish for short baseline oscillations@13#.
All such limitations can be avoided in the case of nonunita
neutrino oscillations.

In reality, the influence of matter effects on neutrino o
cillations is important. It can happen that the matter effe
mimic or even screenCP effects@14#. We will also investi-
gate the role of the nonunitaryU matrix in the neutrino os-
cillations in matter.

The paper is organized as follows. First, in Sec. II t
equation of motion for neutrino states in medium is derive
Such an equation is well known in the case of the unit
neutrino mixing. To the best of our knowledge the sam
equation has never really been found for the nonunitary m
ing. Next, we use this equation to find variousCP and T
©2002 The American Physical Society04-1
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FIG. 1. Feynman diagrams for scattering
neutrinos in matter. All three diagrams contribu
to neutrino-electron scatteringni1e2→nk1e2

( f 5e). Only diagram~a! contributes to neutrino-
nucleon scatteringni1 f→nk1 f ( f 5p,n).
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asymmetries, at first analytically~Sec. III! and then numeri-
cally ~Sec. IV!. Conclusions close the paper.

II. PROPAGATION OF STATES IN MATTER

It is well known that the interference between scatte
and unscattered neutrinos can be crucial for their propaga
in matter, even if the probability of incoherent neutrino sc
tering is negligibly small. There are several derivations of
evolution equation for neutrinos in matter@15#. In all cases,
at first an effective potentialVe f f , which describes the aver
aged, coherent neutrino interactions with all background p
ticles, has to be calculated. Using this potential, the Dira
equation for a neutrino bispinor wave functionC can be
written

~ igm]m2m2Ve f f!C50. ~4!

Taking into account that during the evolution of the flav
states, particle-antiparticle mixing is negligible, neutrinos
not change their spin projection and that they are relativi
particles, a simpler, Schro¨dinger-like evolution equation ca
be found

i
d

dt
un~ t !&5He f fun~ t !&. ~5!

Usually the effective potentialVe f f is calculated in the
neutrino flavor basis. This is the traditional approach to
three active neutrino mixing. If sterile and/or heavy neutrin
exist, it appears to be more natural to calculateVe f f in the
eigenmass basis. There are several reasons why it is s
first, it is not clear conceptually how to define, in a consist
way, creation and annihilation operators for flavor sta
@16#. Secondly, as a matter of fact, there is no such an ob
as a flavor eigenstate. For quarks, for instance, only eig
mass states are used. In this context the only difference
tween quarks and neutrinos are much smallerdm2’s. How-
ever, as we will see later, the most important thing is th
using the eigenmass basis we will be able to avoid the n
Hermitian evolution of neutrino flavor states affected by t
heavy neutrino sector in a matter. The equation of motion
Sec. III can be described by a Hermitian Hamiltonian fro
which real effective neutrino masses follow. Final probab
09300
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ties of flavor changing are affected by the heavy neutr
sector through initial conditions and then nonunitary effe
tive neutrino mixing appears.

In order to find the effective potentialVe f f , let us assume
neutrino interactions in a general form

LCC5
e

2A2sinQW
(

a5e,m,t
(
i 51

n

C̄agm~12g5!~Un!a iniWm
2

1H.c., ~6!

and

LNC5
e

4 sinQWcosQW
H (

i , j 51

n

n̄ig
m~12g5!V i j njZm

12 (
f 5e,p,n

C̄ fg
m@T3 f~12g5!22Qfsin2QW#C fZmJ ,

~7!

wheren is the number of light (31ns) and heavy (nR) neu-
trinos (n531ns1nR), and V i j 5(a5e,m,t(Un)a i* (Un)a j .
The coherent neutrino scattering is described in genera
three types of Feynman diagrams presented in Fig. 1.
Higgs’ particles exchange diagrams do not contribute as n
trinos are relativistic particles. In the normal matter all d
grams contribute to the neutrino-electron scatteringni1e2

→nk1e2 ( f 5e), yet only diagram ~a! contributes to
neutrino-nucleon scatteringni1 f→nk1 f ( f 5p,n).

At low energies (q2!MW
2 ,MZ

2), the effective interaction
of light neutrinos with a background particlef ( f 5e,p,n)
~Fig. 1!, after the appropriate Fierz rearrangement, can
written in the form

Hint
f ~x!5

GF

A2
(

i ,k51

31ns

(
a5V,A

@ n̄kGani #@C̄ fG
a~gf a

ki 1ḡf a
ki g5!C f #,

~8!

whereGV(A)5gm(gmg5). The couplingsgf a
ki and ḡf a

ki can be
calculated from Eqs.~6!, ~7! and for electrons (f 5e) and
nucleons (f 5p,n) they are given by

geV
ki 52ḡeA

ki 5Uek* Uei1rVkiS 2
1

2
12sin2QWD ,
4-2



be

ng

-

n

r,

he

ons
or

os
e

l
gies
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ḡeV
ki 52geA

ki 52Uek* Uei1
1

2
rVki ,

gf V
ki 52ḡf A

ki 5rVki~T3 f22Qfsin2QW!,

ḡf V
ki 52geA

ki 52rVkiT3 f , ~9!

where

r5
MW

2

MZ
2 cos2QW

, T3p52T3n51/2, Qp51, Qn50.

~10!

The global effect of matter–light neutrino interaction can
described by the Hamiltonian

Hint~x!5 (
i ,k51

31ns

n̄kVkini , ~11!

where

Vki5(
f

Vki
f 5(

f
(

a
Ga~Va

f !ki ~12!

and

~Va
f !ki5

GF

A2
(
lW
E d3p

~2p!3
r f~pW ,lW !~Ma

f !ki . ~13!

(Ma
f )ki is the part of the matrix element of the scatteri

amplitudeni1 f→nk1 f connected with the fermionf in the
case when particles’ momenta and spins are untouched

~Ma
f !ki5^ f ,pW ,lW uC̄ fGa~gf a

ki 1ḡf a
ki g5!C f u f ,pW ,lW &. ~14!

In Eq. ~13!, r f(pW ,lW ) is the distribution function for the back
ground particles of spinlW and momentumpW , normalized in
such a way thatNf , defined as

Nf[(
lW
E d3p

~2p!3
r f~pW ,lW ! ~15!

is the number of fermionsf in a unit volume (V51). Hence,
the amplitude (Ma

f )ki must be calculated for a single fermio
in V51 ~then for bispinorsu we haveu†u51) and@17#

~MV
f !ki

m 52~MA
f !ki

m 5gf V
ki S pm

Ef
D1mfḡf V

ki S Sf
m

Ef
D , ~16!
09300
where Ef ,mf and Sf
m5(1/mf)„pW lW ,lW mf1@pW (pW lW )/mf1Ef #…

denote the fermion’sf energy, mass and spin four-vecto
respectively. The obtained relation between the vectorMV
and the axial-vectorMA amplitudes is the consequence of t
V2A form of interactions@Eqs. ~6!, ~7!#. Now, using Eqs.
~13! and ~16! we can write the effective potentialVki

f @Eq.
~12!#:

Vki
f 5~Af

m!kigmPL ,

~Af
m!ki5A2GFNfFgf V

ki K pf
m

Ef
L 1mfḡf V

ki K Sf
m

Ef
L G , ~17!

where the average value^z& defined by

^z&5
1

Nf
(
lW
E d3p

~2p!3
r f~pW ,lW !z~pW ,lW ! ~18!

describes quantities averaged over the fermion distributi
r f(pW ,lW ). In this way the set of coupled Dirac’s equations f
all light neutrinos propagating in the matter is obtained

(
i 51

31ns

~ igm]mdki2mkdki2Vki!ni50, k51, . . . ,31ns .

~19!

As we describe the propagation of light relativistic neutrin
only, a simpler Schro¨dinger-like evolution equation can b
found. Assuming thatk2.Ei

2@mi
2.mi uVkiu.uVkiu2, we can

get, in the momentum representation, the Schro¨dinger-like
equation for each left-handed~or each right-handed! compo-
nents of neutrino bispinors

i
d

dt
Ck~kW ,t !5 (

i 51

31ns

Hki
e f f~ t !C i~kW ,t !. ~20!

The wave functionC j (kW ,t) is the neutrino~antineutrino!
state uC(t)& with momentumkW and helicity l521(11),
written in the eigenmass basisun j&, C j5^n j uC(t)&. The ef-
fective Hamiltonian~we will assume from now on that al
neutrinos have the same momentum but different ener

Ej5AkW21mj
2) is equal to

Hki
e f f5S k1

mi
2

2k D dki1Hki
int , ~21!

where
Hki
int5K nkU E

V51
d3xHint~x!Un i L 55

Aki
m ūkgmPLui for Dirac neutrinos,

2~Aki
m !* ūkgmPRui for Dirac antineutrinos,

Aki
m ūkgmPLui2~Aki

m !* ūkgmPRui for Majorana neutrinos,

~22!

andAki
m 5( f(Af

m)ki .
4-3
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In the relativistic limit, with the additional assumptionkW[kW i5kW f , we have

ūkgmPLui ul5215ūkgmPRui ul5115S 1,2
kW

ukW u
D ~23!

and

ūkgmPLui ul5115ūkgmPRui ul5215~0,0W !, ~24!

so, finally, we have arrived@Aki
m 5(Aki

0 ,AW ki)# at the formula

Hki
int55 Aki

0 2
kW

ukW u
AW ki for Dirac and Majorana neutrinos withl521,

2~Aki
0 !* 1

kW

ukW u
~AW ki!* for Dirac antineutrinos and Majorana neutrinos withl511.

~25!
ia

a
e

n

n

i
e

t
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,

We can clearly see that the effective interaction Hamilton
is the same for Dirac and Majorana neutrinos and that

Hparticle
int 52@Hantiparticle

int #* . ~26!

We would like to stress, however, that these properties
not the general rules. They are satisfied because of thV
2A type of neutrino interactions in Eqs.~6!, ~7!, as it is in
the case of relativistic neutrinos for which the scalar a
pseudoscalar terms can be neglected.

Equation~25! gives the most general Hamiltonian for a
arbitrary number of (31ns) light relativistic neutrinos
propagating in any background medium and interacting
the V2A way. In what follows we will concentrate on th
case of unpolarized (^lW f&50), isotropic (̂ pW f&50) and elec-
trically neutral (Ne5NpÞNn) medium. Then we arrive a
the following Hamiltonian ~later we will usually put
r51):

Hki
int5A2GFFNeUek* Uei2

1

2
rNnVkiG . ~27!

The above Hamiltonian always has (31ns)3(31ns) di-
mensions, independently if heavy neutrinos exist or not.
us first consider two conventional cases with none and wi
single sterile neutrino, when no heavy neutrino exists (nR
50, n531ns). Then~in both cases!
09300
n
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d

n
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a

una&5(
i 51

n

~Un* !a i un i&5 (
i 51

31ns

Ua i* un i&. ~28!

If no sterile neutrinos are present (ns50), then, after re-
moving the redundant diagonal terms in Eqs.~21!, ~27!, the
well known Hamiltonian is obtained (a,b5e,m,t)

Hab5S UDm2

2E
U †D

ab

1A2GFNedaedbe . ~29!

If a single sterile neutrino is present (ns51), then another
well known Hamiltonian is obtained (a,b5e,m,t,s)

Hab5S UDm2

2E
U †D

ab

1A2GFFNedaedbe1
1

2
NndasdbsG .

~30!

From now on, we will only consider cases when there is
least one nondecoupling heavy neutrino present (nR>1).

If we want to use the full (31ns1nR) eigenmass basis
we need to expand the (31ns)3(31ns) HamiltonianHki

e f f ,
given by Eqs.~21!, ~27!, to proper (31ns1nR)3(31ns
1nR) dimensions, adding zeros
servation
Hki
e f f→H Hki

e f f as given by Eqs.~21!,~27!, if both k,i<~31ns!,

0 if any of k,i .~31ns!.
~31!

These zeros mean that, for the physics of light neutrinos which we are interested in, the energy and momentum con
do not allow heavy neutrinos to be produced nor detected. If we now define the flavor basis as

una&5(
i 51

n

~Un* !a i un i&5 (
i 51

31ns

Ua i* un i&1 (
i 531ns11

31ns1nR

Va i* un i&, ~32!
4-4
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we can express the Hamiltonian Eq.~31! in the flavor repre-
sentation.

If no sterile neutrinos are present (ns50), but some
heavy neutrinos exist,n531nR , nR>1, then (a,b
5e,m,t)

Hab5S UDm2

2E
U †D

ab

1A2GFFNe„daedbe2cab~dae1dbe!

1caeceb…1
1

2
NnS 2cab2 (

g5e,m,t
cagcgbD G . ~33!

If a single sterile neutrino (ns51) and some heavy neutrino
exist,n541nR , nR>1, then (a,b5e,m,t,s)

Hab5S UDm2

2E
U †D

ab

1A2GFFNe$daedbe2cab~dae1dbe!

1ceaceb%1
1

2
NnH dasdbs1cab~22das2dbs!

2 (
g5e,m,t

cagcgbJ G . ~34!

In both above cases@Eqs.~33!, ~34!#, we present the Hamil-
tonian in the light neutrino subspace only. The full Ham
tonian is more complicated and contains parts related to
light-heavy neutrino mixing. In the full basis, it is repre
sented by a (31ns1nR)3(31ns1nR) dimensional matrix

Hab→S UHe f fU † UHe f fV 8†

V 8He f fU † V 8He f fV 8†
D

ab

. ~35!

where He f f is the (31ns)3(31ns) dimensional Hamil-
tonian given by Eqs.~21!, ~27!, and Eq.~33! or Eq. ~34! is
the most upper left part of the matrix Eq.~35!. Thus, even
09300
e

though we consider the problem of light neutrinos propa
tion only, in the flavor basis Eq.~32! we have to deal with
(31ns1nR)3(31ns1nR) dimensional matrices.

It should be stressed here that, up to now, all Hamil
nians in Eqs.~21!–~35! are represented by Hermitian matr
ces. The transformations in Eqs.~28!, ~32! are unitary as we
sum over alln available neutrino eigenmass states.

If we now take into consideration the fact that, due
kinematical reasons, no heavy mass eigenstates in Eq.~32!
can experimentally be produced, then the properly norm
ized statesuña., which correspond to neutrinos produced
real experiments, are

uña&5la
21 (

i 51

31ns

Ua i* un i&5 (
i 51

31ns

Ũa i* un i&, ~36!

where la5A( i 51
31nsuU a i u25A12caa and Ũa i5la

21Ua i .
Such states are not orthogonal

^ñauñb&Þ0, aÞb. ~37!

Let us notice@10,11# that in this case the usual notion o
flavor neutrinos loses its meaning. For example, a neut
which is created with an electron, and is described by
stateuñe&, can produce besides an electron also a muon
tau. It is better then to see active neutrinos as particles wh
are produced together with charged leptons of particular
vors ~in some charged current weak decays!, rather than par-
ticles having their own flavors.

When we write Eq.~20! in the basis of experimentally
accessible statesuña&, we get

i
d

dt
^ñauC~ t !&5(

b
H̃ab^ñbuC~ t !&. ~38!

The HamiltonianH̃ab is given by (lab5ladab)
n
s

H̃5ŨHŨ215
1

2E
ŨS 0 0 0 0 •••

0 dm21
2 0 0 •••

0 0 dm31
2 0 •••

0 0 0 dm41
2

•••

••• ••• ••• ••• �

D Ũ211A2GFŨŨ†l21
S Ne2

Nn

2 D 0 0 0 •••

0 2
Nn

2
0 0 •••

0 0 2
Nn

2
0 •••

0 0 0 0 •••

••• ••• ••• ••• �

2 .

~39!

This matrix, in contrast to the previous Hermitian representations@in Eqs.~21!–~35!#, is not Hermitian. In practice we ca
solve the basic Eq.~20! either in the experimentaluña& or in the eigenmassun i& basis@in both cases we deal with Hamiltonian
having dimensions (31ns)3(31ns)].

Let us assume that at timet50 the stateuC(0)&5uña(0)& is produced. In order to find the stateuña(t)&, we need to solve
Eq. ~38! with an initial condition
4-5
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^ñbuña~0!&5~lalb!21~dab2cba!. ~40!

In the eigenmass basis we have

i
d

dt
^nkuña~ t !&5 (

i 51

31ns

Hki^n i uña~ t !&, ~41!

where

H5
1

2E S 0 0 0 0 •••

0 dm21
2 0 0 •••

0 0 dm31
2 0 •••

0 0 0 dm41
2

•••

••• ••• ••• ••• �

D 1A2GFU †1
S Ne2

Nn

2 D 0 0 0 •••

0 2
Nn

2
0 0 •••

0 0 2
Nn

2
0 •••

0 0 0 0 •••

••• ••• ••• ••• �

2 U ~42!
we
m
m

it
.

ly

go
lly
te
u

i-

c-
h
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h
. If
vor
and the initial condition is

^nkuña~0!&5la
21Uak* . ~43!

For neutrino propagation in a uniform density medium
can solve the evolution equation analytically. Then it is si
pler to use the eigenmass basis in which the effective Ha
tonian H is Hermitian. We will follow this approach in the
next chapter. In the case of a medium with varying dens
Eq. ~38! or Eq. ~41! must usually be solved numerically
Then any of them, Hermitian Eq.~41! or non-Hermitian Eq.
~38!, with appropriate initial conditions, from respective
Eq. ~43! or Eq. ~40!, can be used.

Finally, we should also remember that, the nonortho
nality of the uña& states has some impact on theoretica
calculated cross sections for neutrino production and de
tion. Let us consider, for example, a charged lepton prod
tion processnaX→ l b

2Y. The production amplitude is then

A~naX→ l b
2Y!5la

21 (
i 51

31ns

Ua i* A~n iX→ l b
2Y!

.la
21 (

i 51

31ns

Ua i* Ub iA~nm50X→ l b
2Y!.

~44!
09300
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il-

y,
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c-
c-

TheA(nm50X→ l b
2Y) is simply the standard model’s ampl

tude describing the processnbX→ l b
2Y. Thus, the production

cross section is

s~naX→ l b
2Y!5la

22udab2cabu2sSM~nbX→ l b
2Y!

~45!

wheresSM(nbX→ l b
2Y) is the standard model’s cross se

tion for the processnbX→ l b
2Y. For other processes, whic

we do not describe here~like, for example, neutrino elastic
scattering!, even more complicated ‘‘scaling’’ factors appea

III. OSCILLATIONS OF LIGHT NEUTRINOS WITH CP
AND T VIOLATING EFFECTS

In what follows oscillations of three light neutrinos wit
nR>1 nondecoupling heavy neutrinos will be considered
heavy neutrinos decouple then the mixing between fla
na5(ne ,nm ,nt) and massn i5(n1 ,n2 ,n3) neutrinos is de-
scribed by the 333 unitary matrixU, namely,

una&5(
i 51

3

Ua i* un i&. ~46!

For the matrixU the standard parametrization is taken
vy
s

U5S Ue1 Ue2 Ue3

Um1 Um2 Um3

Ut1 Ut2 Ut3

D 5S c12c13 s12c13 s13e
2 id

2s12c232c12s23s13e
id c12c232s12s23s13e

id s23c13

s12s232c12c23s13e
id 2c12s232s12c23s13e

id c23c13

D . ~47!

Now, in order to implement effects of heavy neutrinos, as discussed in the Introduction@Eqs.~1!, ~2!#, the submatrixV must
be introduced. As the numbernR is unknown,V will be parametrized in a simplified way, using a single effective hea
neutrino state. In this way, the effective light-heavy neutrino mixing can be characterized@11# by three real parameter
ee ,em ,et , and two new~real! phasesx1 ,x2 ~responsible for additionalCP andT asymmetry effects!
4-6
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V5S ee

e2 ix1em

e2 ix2et

D . ~48!

Thenla5A12ea
2'12ea

2/2 and the 333 matrix U(ea), to the order ofO(ea
2), has the form

U5S Ue1le , Ue2le , Ue3le

Um1lm2Ue1e2 ix1eeem , Um2lm2Ue2e2 ix1eeem , Um3lm2Ue3e2 ix1eeem

Ut1lt2Ue1e2 ix1eeet Ut2lt2Ue2e2 ix1eeet Ut3lt2Ue3e2 ix1eeet

2Um1ei (x12x2)emet , 2Um2ei (x12x2)emet , 2Um3ei (x12x2)emet

D , ~49!
q

ng

ar

u
f-
whereUa i are the unitary mixing matrix elements as in E
~47!.

Experimental data restrict the light-heavy neutrino mixi
elementsea

2 @2,9#

ee
2,0.0054, em

2 ,0.0096, et
2,0.016, ~50!

altogether with their products

eeem,0.0001, emet,0.01. ~51!

There are no constraints on additionalCP breaking phases
x1 andx2, so we will assume, as in the case of the stand
CP phased @18#, that any values in the range (0,2p& are
possible. The matrixVki in Eq. ~7! is given by (R stands for
the single effective heavy neutrino!

Vki5dki2V Rk8* VRi8 , k,i 51,2,3, ~52!

and

VRi8 52Ueiee2Um ie
ix1em2Ut ie

ix2et . ~53!

Now, assuming a constant matter density, the evolution eq
tion ~41! can be solved analytically. First, the Hermitian e
fective Hamiltonian

Hki
e f f5

1

2E S mi
2dki12A2GFES NeUek* Uei2

1

2
NnVkiD D

~54!

can be diagonalized by a unitary transformation

He f f5
1

2E
W̃† diag ~m̃i

2!W̃, ~55!

wherem̃i
2 are~real! eigenvalues of 2EHe f f andW̃ is a matrix

built of eigenfunctions of 2EHe f f. Then Eq.~41! takes the
form

i
d

dt
Ca~ t !5

1

2E
W̃† diag ~m̃i

2!W̃Ca~ t !, ~56!

where@the uña& states are given by Eq.~36!#
09300
.

d

a-

Ca~ t !5S ^n1uña~ t !&

^n2uña~ t !&

^n3uña~ t !&
D . ~57!

This equation together with the initial condition Eq.~43! can
easily be solved giving

Ck
a~ t !5(

i
~W̃†!kie

2 i (m̃i
2/2E)t~W̃Ũ†! ia , ~58!

and the amplitudeAa→b(L) for na→nb neutrino oscillations
in matter, after traveling a distanceL, is given by

Aa→b~L !5^ñb~0!uña~L5t !&5(
i 51

3

W̄b i W̄a i* e2 i (m̃i
2/2E)L.

~59!

The nonunitary neutrino mixing matrixW̄ is defined as

W̄a i5~ ŨW̃†!a i5la
21(

k
UakW̃ik* [la

21Wa i . ~60!

The final transition probabilityPa→b(L)5uAa→b(L)u2 is the
following:

Pa→b~L !5
1

la
2lb

2 H „dab2u~VV †!abu…2

24(
i .k

Rab
ik sin2D ik18I ab

12 sinD21sinD31sinD32

12@Aab
(1)sin2D311Aab

(2)sin2D32#J , ~61!

where

Rab
ik 5Re@Wa iWbkWak* Wb i* #, ~62!

I ab
ik 5Im@Wa iWbkWak* Wb i* #, ~63!

Aab
( i ) ~ea!5Im@Wa i* Wb icab* #, ~64!
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and

D ik51.267
~m̃i

22m̃k
2!@eV2#L@km#

E@GeV#
. ~65!

It is interesting to notice that@11#, while in the case of uni-
tary mixing matrix (nR50) we always have
(b5e,m,t(,s)Pa→b51, it is no longer true whennR>1. In
this case, as a consequence of nonorthogonality of theuña&
-

sis
a
um
e

te
t

09300
states, this sum can be bigger or smaller than 1, and its v
changes with neutrino energy and distance~time!.

In agreement with Eq.~25!, the transition probability for
Dirac antineutrino or Majorana neutrino withl511 can be
obtained from Eq.~61! after the replacement

Pā→b̄~L !5Pa→b~L;U→U* ,GF→2GF!. ~66!

Then conventionalCP and T violation probability differ-
ences are
DPa→b
CP 5Pa→b2Pā→b̄522

1

la
2lb

2 H 2(
i .k

@Rab
ik ~GF!sin2D ik~GF!2Rab

ik ~2GF!sin2D ik~2GF!#

24@ I ab
12 ~GF!sinD21~GF!sinD31~GF!sinD32~GF!1I ab

12 ~2GF!sinD21~2GF!sinD31~2GF!sinD32~2GF!#

2@Aab
(1)~GF!sin2D31~GF!1Aab

(2)~GF!sin2D32~GF!1Aab
(1)~2GF!sin2D31~2GF!1Aab

(2)~2GF!sin2D32~2GF!#J ,

~67!

and

DPa→b
T 5Pa→b2Pb→a54

1

la
2lb

2 $4I ab
12 sinD21sinD31sinD321Aab

(1)sin2D311Aab
(2)sin2D32%. ~68!
o
or
re

ll
Nonunitarity of theW matrix produces two types of ef
fects. At first, all conventional quantities such asRab

ik ,I ab
ik

depend onea and newCP phasesx i . Secondly, new terms
proportional toAab

( i ) appear.
The first effect can mainly be seen in numerical analy

The presence of the additional term is more spectacular
can be analyzed directly. For neutrino oscillations in vacu
(GF50) new terms do not change the relation betwe
DPa→b

CP andDPa→b
T , and they are equal

DPa→b
CP ~vacuum!5DPa→b

T ~vacuum!. ~69!

For a5b, Aaa
( i ) 50 and

DPa→a
T ~matter!5DPa→a

T ~vacuum!

5DPa→a
CP ~vacuum!50. ~70!

In the normal medium, which is matter and not antimat
DPa→a

CP (matter)Þ0. Heavy neutrinos will make this effec
stronger. For long baseline~LBL ! neutrino oscillations

DLBL'D31.D32.O~1!, D21.0, ~71!

and, in contrary to the unitary oscillations,

DPa→b
T ~vacuum!5DPa→b

CP ~vacuum!Þ0, ~72!
.
nd

n

r,

DPa→b
T ~matter!.4

1

la
2lb

2 ~Aab
(1)1Aab

(1)!sin2DLBL

524
1

la
2lb

2
Im~Wa3* Wb3 cab* !sin2DLBL .

~73!

This means thatCP andT asymmetries appear even for tw
flavor neutrino transitions. Furthermore, for unitary 3 flav
neutrino oscillations, moduli of all Jarlskog invariants a
equal and, as a consequence, allT asymmetries~equivalent
to CP asymmetries in vacuum! are equal as well

DPe→m
T 5DPm→t

T 5DPt→e
T . ~74!

In addition, if any element of the mixing matrix is sma
~vanishes! then the above asymmetries are also small~van-
ish!. For VÞ0 ~and as a consequenceV8Þ0), there is

I em
ik 5I mt

ik 1Im@Wm iWmk* ~W̃V8TV8* W̃†! ik#

5I te
ik 2Im@WeiWek* ~W̃V8TV8* W̃†! ik#,

I ab
12 5I ab

23 2Im@Wa2* Wb2cab* #

52I ab
13 1Im@Wa1* Wb1cab* #. ~75!

The above relations and terms proportional toAab
( i ) in Eq.

~68! imply
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DPe→m
T ÞDPm→t

T ÞDPt→e
T . ~76!

From Eq.~75! follows that even when some of theU matrix
elements vanish, the asymmetryDPa→b

T can be nonzero. Fo
instance, ifWe350 then I eb

i3 50 (i 51,2,b5m,t), but re-
maining five CP invariants, whereWe3 is absent, do not
vanish.

IV. NUMERICAL RESULTS

Here we will present some numerical analysis of the st
dard and nonstandardCP and T violating effects for real
future neutrino oscillation experiments. In order to check
effect of nondecoupling heavy neutrinos in neutrino osci
tions, the CP and T asymmetries for two baselinesL
5295 km andL5732 km are calculated. Neutrino energy
allowed to vary, according to the experimental conditio
in the range E50.1–30 GeV for ne→nm and E
51.78–30 GeV fornm→nt . These baselines are planed f
several future experiments~e.g., JHF and SJHF in Japan wi
E;1 GeV @19#; ICARUS @20# and OPERA@21# in Europe,
E;20 GeV; MINOS@22# in USA, E;10 GeV; and Super-
NuMi @23# in USA with E;3,7,15 GeV). In all these experi
ments neutrino beams from the pion decays will be used
they are mostly muon neutrino and antineutrino beams. N
trino factories will give in addition electron neutrino an
antineutrino beams. In Figs. 2~a!–6~c! the probability differ-
ence DPa→b

CP for ne→nm and nm→nt is shown. Fornm

→nt also standard quantities defined as

Am→t
CP 5

DPm→t
CP

P~nm→nt!1P~ n̄m→ n̄t!
, ~77!

Am→t
T 5

DPm→t
T

P~nm→nt!1P~nt→nm!
~78!

are presented and matter effects are included

Ae@eV2#52A2GFNeE

57.6331025F r

g/cm3G F Ye

0.5GF E

GeVG , ~79!

An@eV2#5A2GFNnE

57.6331025F r

g/cm3G @12Ye#F E

GeVG . ~80!

For L5250 km andL5732 km neutrinos pass only the fir
shell of the Earth’s interior@24# with a constant densityr
52.6 g/cm3 and Ye50.494. Then Ae@eV2#51.96
31024 @E/GeV# and An@eV2#51.031024 @E/GeV#. The
oscillation parameters are taken from the best LMA fit valu
09300
-

e
-

,

so
u-

s

@25# tan2Q2351.4, dm32
2 53.131023 eV2, tan2Q1250.36,

dm21
2 53.331025 eV2 and tan22Q1350.005.
The parametersee , em and et @Eq. ~48!# are small and

satisfy the experimental constraints given by Eqs.~50!, ~51!.
In agreement with the above constraints two sets ofea pa-
rameters will be discussed

~A!:ee;0.001, em5et50.1, ~81!

~B!:ee5em;0.01, et50.1. ~82!

FIG. 2. ~a! The probability differenceDPe→m
CP defined in Eq.

~67!, for L5250 km as a function of neutrino energy~oscillations
in vacuum!. The hatched region describes normal unitary osci
tions with 0,d<2p. The shaded region corresponds to the no
unitary neutrino oscillations with additionalCP breaking phases
x1 ,x2 @Eq. ~48!# that change in the domain 0,x i<2p. The ea

parameters for both sets from Eqs.~81!, ~82! give eeem51024 and
the results are the same for both cases. Other oscillation param
correspond to the best LMA fit values given in@25# ~see the text for
details!. ~b! Neutrino oscillations in matter with the same param
eters as in 2~a!. In this case neutrinos pass only the first shell of t
Earth’s interior@24# with a constant densityr52.6 g/cm3 and Ye

50.494. ~c! Neutrino oscillations in vacuum with the same para
eters as in 2~a! but for Q1350. In this case, in vacuumDPa→b

CP

50 for normal unitary neutrino oscillations. Nonzero effects a
exclusively related to the nondecoupling heavy neutrinos.~d!
DPe→m

CP for neutrino oscillations in matter forQ1350, L
5732 km. Other parameters as in 2~a!. Because of matter effects
DPe→m

CP Þ0 even for unitary neutrino oscillations.
4-9
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Figures 2~a! and 2~b! presentDPe→m
CP (L5250 km) for neu-

trino oscillations in vacuum@Fig. 2~a!# and matter@Fig.
2~b!#, respectively. We can see that matter effects are v
weak. The hatched regions in these figures, and in all follo
ing figures, describe the classical unitary neutrino osci
tions, with 0,d<2p, and they are similar in both cases.
Fig. 2~b! this region is only slightly asymmetric. As param
eters ea which describe nonunitary oscillations are ve
small, deviation ofDPe→m

CP from unitary oscillations is very
weak. The shaded regions in Figs. 2~a!, 2~b!, and in all fol-
lowing figures, give the allowed range ofDPe→m

CP for the
nonunitary case with additionalCP breaking phasesx1 ,x2
@Eq. ~48!# that change in the domain 0,x i<2p. It is inter-
esting to see the sameCP violating quantity DPe→m

CP for
Q13→0. In vacuum this quantity is equal to zero. In Fi
2~c! a possible range ofDPe→m

CP is depicted for nonunitary
oscillations. In agreement with our previous discussion@Eq.
~72!# such a quantity does not vanish. However, it is sm
which comes out of strong experimental bounds Eqs.~81!,
~82!. Situation does not change qualitatively in the mat
case@Fig. 2~d!#, except that this time unitary oscillations ca
be nonzero. Such miserable effects cannot be detecte
future neutrino experiments. Of course,Ae→m

CP andAe→m
T ef-

FIG. 3. DPm→t
CP ~a! and Am→t

CP ~b! for neutrino oscillations in
vacuum,L5250 km. Other parameters as in Fig. 2~a!; ea according
to Eq. ~81!.

FIG. 4. DPm→t
CP ~a! and Am→t

CP ~b! for neutrino oscillations in
vacuum,L5250 km. Other parameters as in Fig. 2~a!; ea according
to Eq. ~82!.
09300
ry
-
-

l,
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in

fects alone can be large~see e.g.@11,26#!. We would like to
stress, however, thatAa→b

CP and Aa→b
T must be discussed

together withDPa→b
CP quantities. Only then we can say

these effects can really be measured in experiments. Su
discussion fornm→nt transitions will follow in the next
figures.

In Figs. 3~a!, 3~b! the DPm→t
CP and Am→t

CP quantities in
vacuum are presented as functions of neutrino energy foL
5250 km and the first set ofea parameters from Eq.~81!.
Here theCP violating effects are quite large. For exampl
for E52 GeV, DPm→t

CP P(20.0003,10.0003) in the unitary
case@hatched region in Fig. 3~a!# and DPm→t

CP P(20.017,
10.017) in the nonunitary case@shaded region in Fig. 3~a!#.
We do not present results forAm→t

T here as in vacuum
Aa→b

T 5Aa→b
CP . We can see that for higher neutrino energ

nonunitary effects can be very large~and increase with neu

FIG. 5. DPm→t
CP ~a! and Am→t

CP ~b! for neutrino oscillations in
vacuum,L5732 km. Other parameters as in Fig. 2~a!; ea according
to Eq. ~81!.

FIG. 6. DPm→t
CP ~a!, Am→t

CP ~b!, andAm→t
T ~c! for neutrino oscil-

lations in matter,L5732 km. Other parameters as in Fig. 2~a!; ea

according to Eq.~81!.
4-10
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trino energy!. Unfortunately, oscillation probabilities them
selves are getting smaller.

In Figs. 4~a!, 4~b! the same quantities as in Figs. 3~a!, 3~b!
are presented but for the second set ofea parameters@Eq.
~82!#. As em is 10 times smaller, also nonunitary effects a
smaller by the same factor.

For L5250 km the effects of neutrino interactions in th
Earth’s matter are small and all presented quantities are
most the same as in vacuum. Thus we do not present t
here. However, for longer baseline experimentsL
5732 km) matter effects can already be seen. In Figs. 5~a!,
5~b! and Figs. 6~a!–6~c! theDPm→t

CP , Am→t
CP andAm→t

T quan-
tities are presented fornm→nt transitions in vacuum and
matter, respectively. Theea parameters are taken accordin
to Eq. ~81!. Again, the nonunitary effects are large. For t
unitary case, the symmetric region ofDPm→t

CP in vacuum
@Fig. 5~a!# becomes asymmetric~negative! in matter @Fig.
6~a!#. The full range ofDPm→t

CP for nonunitary oscillations
shifts also slightly toward negative values@compare the
shaded regions in Fig. 5~a! and Fig. 6~a!#. Once againAm→t

CP

@Fig. 5~b! and Fig. 6~b!# and Am→t
T @Fig. 6~c!# asymmetries

are very similar to each other. They are larger for high
neutrino energies but, unfortunately, not becauseDPm→t

CP is
larger, but because the probabilities for~anti!neutrino oscil-
lations are getting smaller.

V. CONCLUSIONS

The evolution equation for neutrinos propagating in m
ter is found in the case when heavy neutrinos do not
couple and, as a result, the mixing matrix between light n
trinos is not unitary.

The neutrino propagation is described by a Hermit
Hamiltonian found in the eigenmass basis of light neutrin
This basis is the most convenient to calculate physical
fects. Two other bases which we consider, that means the
orthogonal basis which contains both light and heavy n
trino states, and the ‘‘experimental’’ basis with nonorthog
nal light neutrinos only, are more complicated when appl
to numerics. In the first case, the Hamiltonian is Hermit
but has full (31ns1nR)3(31ns1nR) dimensions. In the
second case, it has smaller (31ns)3(31ns) dimensions,
k,

-

B
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but is represented by a non-Hermitian matrix.
If heavy neutrinos do not decouple, the notion of neutri

flavor loses its meaning. In such case it is better to see ac
light neutrinos as particles produced together with char
leptons of particular flavors rather then particles having th
own flavors. Moreover, the nonorthogonality of such ne
trino states has also some impact on theoretically calcula
cross sections for neutrino production and detection.

We have found the equation which describes the propa
tion of light neutrinos in any polarized, nonhomogeneo
charged matter. Numerical analysis is done in the simp
case of unpolarized, isotropic, and electrically neutral mat

The nonunitary neutrino mixing is especially importa
for CP and T violating effects in neutrino oscillation. Two
additionalCP phases, which appear in the light-heavy ne
trino mixing matrix, have crucial consequences in such p
nomena.

In comparison with normal unitary neutrino oscillatio
the CP andT violation are generally larger and appear ev
where standard effects are very small or vanish. The newCP
andT violation effects depend on the strength of light-hea
neutrino mixing. For present experimental bounds on
nondecoupling parameters, thenm→nt oscillation is espe-
cially sensitive to the newCP effects. Forne→nm oscilla-
tion, where the bound on thecem parameters coming from
the nonobservation of them→eg decay are very stringent
the effects are smaller.

If the observed futureCP asymmetries cannot be ex
plained by the standard three light neutrino mixing then n
decoupling heavy neutrinos can be the answer to this p
lem. We should mention, however, that it is not the uniq
possibility. Still other mechanisms, e.g., mixing among fo
light neutrinos@27# or nonstandard neutrino interactions
matter @10#, cannot be excluded. Then, if the futureCP
asymmetries will have nonstandard origin, further stu
to discriminate among the nonstandard effects will
necessary.
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